Observed bimodal tree cover distributions at particular environmental conditions and theoretical models indicate that some areas in the tropics can be in either of the alternative stable vegetation states forest or savanna. However, when including spatial interaction in nonspatial differential equation models of a bistable quantity, only the state with the lowest potential energy remains stable. If bistability cannot be rejected, differential equation models will therefore need an extra feature. Here we show via analysis and simulation of a reaction-diffusion model how bimodal tree cover distributions can arise. When savanna tree cover is low, there is a front separating forests from savannas, which is determined by external forcings. At higher savanna tree cover, irregular cycles develop near the front in which forests can persist for centuries to millenia after which they are replaced by savannas in decades. This is not bistability but it does lead to bimodality and implies that rapid unpredictable tree cover change can occur without exogenous change. Bistability of forest cover does not occur in our simulations unless the model is sufficiently discrete. We do find bistability of savanna tree cover, in absence of forest, under a regime of high fire occurrence and high savanna sapling recruitment. 1 arXiv:1803.07535v1 [q-bio.PE]
Introduction
Theoretical ecology of savannas has mainly focused on mechanisms that explain coexistence of trees and grasses in tropical savannas, especially because in other ecosystems either grasses or trees tend to dominate. Tree-grass coexistence in savannas has been poorly understood due to its emergence as result of an interaction of processes related to resource limitation and disturbance (Scholes and Archer, 1997; House et al., 2003; Sankaran et al., 2004 Sankaran et al., , 2005 . Models that can reproduce tree-grass coexistence involve either niche separation, balanced competition, competitive exclusion combined with disturbance, or bistability (House et al., 2003) . In niche separation models, grasses are superior competitors for topsoil water while trees have exclusive access to the deeper soil horizons. In balanced competition models, coexistence of trees and grasses arises due to greater intraspecific competition than interspecific competition, which causes the superior competitor (trees) to become self limiting at a level that is insufficient to exclude the inferior competitor (grasses). When the competitive balance that is strongly skewed towards trees or when trees outcompete grasses, frequent disturbance of the tree layer (e.g. fire, herbivores or logging) is required to allow coexistence of grasses with trees. Therefore, in such disturbance models, tree cover is in continuous regression towards the closed canopy stable steady state, but the effect of disturbances knocks tree cover away from this state in a stochastic fashion, creating coexistence via disequilibrium. In the bistability model, two alternative stable states exist due to a positive feedback between species densities and disturbance. The hypothesized mechanism in savannas involves a feedback loop between grassy cover and fire spread. Fire spread requires a spatially well-connected grassy fuel layer that occurs only below a certain tree cover threshold; below this threshold, fire spread opens up the canopy more, promoting yet better fire spread. Bistability means that shocks such as forest clearance or drought could lead to a dramatic increase of fire occurrence and tip an area of forest into a savanna state. This area of savanna would then remain locked until large enough increases of rainfall or release of human pressures allow forests to grow back faster than they are lost by intermittent fires.
Models that involve disturbance have gained more support because: (i) evidence for root niche separation is equivocal, and (ii) competition-based simulation models parametrized with field data have not been able to reproduce long-term tree-grass coexistence (Sankaran et al., 2004) . In particular, Sankaran et al. (2005) proposed a framework that unifies competitive exclusion and balanced competition models consistent with field data from 854 sites in African savannas. According to their model, tree canopy cannot close below 650mm annual rainfall. Above this threshold, disturbance is necessary to create savannas. First analyses of the satellite-derived MODIS Vegetation Continuous Fields (VCF) tree cover product (Townshend et al., 2011) in the global tropics showed that these data are multimodal at intermediate rainfall values. When taking the plausible assumption that more frequently observed tree cover values are more stable, such multimodality implies multistability. Staver et al. (2011b) found forest-savanna bistability from the observation that the tree cover data has a bimodal distribution in a rainfall range of intermediate rainfall, with as modes savanna (about 20% tree cover) and forest (about 80% tree cover). Similarly, Hirota et al. (2011) found forest-savanna-treeless tristability, with an extra treeless state (about 0%). The treeless state was not found by Staver et al. (2011b) because they excluded areas with bare soil. A scatterplot of tree cover versus rainfall revealed how the stability of the states depends on rainfall. In such a scatterplot, the modes -stable states according to the dynamical interpretation -show up as regions with high point density. With increasing mean annual rainfall, the inferred probability of being in a higher tree cover mode increases. Hence it was concluded that rainfall can be seen as the bifurcation parameter of tristable tree cover.
If the multistability model is valid, the low density regions between the modes indicate instability due to positive feedbacks. Consistent with previous theoretical and empirical research (see e.g. Pausas and Dantas, 2017 , and the references therein), proposed feedbacks are a self-facilitating mechanism between the treeless and savanna states (Hirota et al., 2011) and a feedback between continuity of the grassy fuel layer and fire damage to forest trees between the savanna and the forests state (Hirota et al., 2011; Staver et al., 2011b) . To explore the potential mechanisms driving the positive feedback between savanna and forest and to check whether there are additional forcing variables, Staver et al. (2011b) set up a nonlinear statistical model of tree cover from mean annual rainfall, dry season length, soil sand content and fire occurrence. They found that both savanna and forest can exist in a regime with mild seasonality (<7 dry months) and intermediate rainfall (1000-2500mm/y). In this regime, forest occurrence is highly predictable from recent fire occurrence, suggesting that fire is an important factor that can explain the positive feedback between the savanna and forest states. Moreover, when simple nonspatial models of fire-vegetation feedbacks are calibrated with remotely sensed fire frequencies, observed tree cover distributions can be reproduced (Van Nes et al., 2018) . These empirically-based results provide strong support for the abovementioned bistability model of tree-grass coexistence in the tropics.
However, because the empirical studies that support the bistability hypothesis (Staver et al., 2011b; Hirota et al., 2011) only rely on spatial data, bimodality could be a result of confounding factors related to spatial heterogeneity of climate, plant physiology, soils, human impact, etc. (Ratajczak and Nippert, 2012; Good et al., 2016; van Nes et al., 2014) . Indeed, recent work (Wuyts et al., 2017) showed that, at least in the Amazon region, much of the bimodality is not a consequence of bistability but of spatial heterogeneity due to factors other than rainfall, including rainfall seasonality, soils and human impact. Nonetheless, some bimodality remained in the data, which might still indicate existence of bistability, albeit on smaller scales than claimed previously. One earlier empirical study (Staal et al., 2016) explored the possibility of more limited bistability than initially inferred. That they still found wide bistability ranges is most likely because they only considered the separate instead of the joint effect of rainfall and seasonality and because they controlled for fewer confounding factors.
Models of tropical tree cover bistability have remained nonspatial (Staver and Levin, 2012; van Nes et al., 2014; Van Nes et al., 2018) . However, interaction between patches is known to be important in tropical forests and savannas, via processes such as seed dispersal, fire spread and water recycling. When allowing spatial interaction under the form of diffusion in single-species reactiondiffusion models with a bistable reaction term, hysteresis and bimodality disappear; instead, there is an environmentally determined boundary that separates both states (Van De Leemput et al., 2015; Meron, 2015; Murray, 2002) . Only at this boundary, coined the Maxwell point (MP), both states coexist. Above the MP, one state dominates while below the MP, the other dominates. Wuyts et al. (2017) recently developed a spatiotemporal model for Amazonian tree cover. Even though their model consists of a system of equations for several vegetation cover types, it did not produce bistability, but a sharp forest-savanna front, being a function of mean annual rainfall, rainfall seasonality and soils. Taken together with the limited bimodality in the Amazonian data, this suggests that Amazonian tree cover dynamics can be modeled reasonably well with a single reaction-diffusion equation. Nonetheless, the limited amount of remaining bimodality in the data indicates that global bistability, i.e. bistability despite spatial interaction, still plays a role. Such global bistability can occur in systems of reaction-diffusion equations or in a single-equation model that includes scale-dependent spatial interaction (e.g. Meron, 2015; Hagberg and Meron, 1994) .
Here, we present an analysis of the reaction-diffusion model of tropical tree cover first used in Wuyts et al. (2017) . This model is an expansion of the nonspatial bistability model by Staver and Levin (2012) through inclusion of spatial effects and noise, which allows us to study spatial patterns and how these are affected by spatial heterogeneity of forcings, species interactions and stochasticity. In particular, we will show how our model can generate tree cover bimodality.
Methods

Forest-savanna model
The full system of partial differential equations representing cover types as a function of space and time can be written as
where
S is savanna sapling cover, T savanna adult tree cover, F forest tree cover, and Φ fraction of area burnt. This model can be obtained by starting from the model of Staver and Levin (2012) and adding diffusion terms and stochastic terms. R Y , M Y are growth and mortality rates for Y ∈ {S, T, F }. Y c is the critical value below which fire spread occurs and τ the maximum fire return time. Each of the parameters R Y , M Y and Y c are functions of natural environmental forcing variables, such as climate and soils. Q is the recruitment rate of savanna saplings into adult savanna trees; a linearly decreasing function of burnt area fraction Φ. b is the sensitivity of forest tree cover to fire, which we choose to be constant here. The forest deforestation rate C F is a function of distance from human impact z, or C = C(z). Φ is burnt area fraction, consisting of a local term and a diffusion term. The local term F(T, F ) is a monotonic decreasing and sigmoid-shaped function of nonherbaceous cover 1 − G − S = T + F . We assume that random effects result from fast time scale and small spatial scale cover variation of newly recruited trees. We capture them by spatiotemporally uncorrelated additive noise with magnitude σ. We show a systematic way for deriving the model (1) in Appendix A. In general, model parameters can depend on mean annual rainfall, soils and human impact (Table A1) . For convenience and simplicity, and without loss of generality, we keep rainfall seasonality and soils fixed at their average values, leading to parameters that are only a function of mean annual rainfall. These simplified functional forms and parameter values are shown in Table 1 . By assuming that growth rate saturates to a constant maximum r Y and mortality stabilizes to a constant minimum m 0,Y where water limitation is less severe, we have chosen
where for R Y , Y ∈ {S, F } and for M Y , Y ∈ {S, T, F }. k i controls the steepness of the functions and a i the horizontal position on the P axis. Finally, we took
where Y c,0 > 0 and k c < 0. Y c (P ) captures the assumed decreasing percolation threshold (critical value of T + F ) with rainfall. In dryer environments, the effective connectivity between areas in space is higher, leading to a higher value of tree cover where fire spread becomes important. The model of Wuyts et al. (2017) differs from our model in that it considers fire contagion between pixels as the only type of spatial interaction. We did not consider this type of interaction in the main article but we show in Appendix C that the results are qualitatively the same if we apply the analysis to their model. They further model burnt area fraction stochastically and as a separate species. We do not take a separate dynamical equation for burnt area fraction because we assume it to be permanently in its long term steady state as its dynamics is much faster than that of the cover types. We also left out their extra dynamic equation for bare soil cover because it is irrelevant here.
Forest model (S,T=0)
We now set up the spatial model of forest cover (and its complement -grass cover). This is done by setting S = T = 0 in (1), leading to
For easier mathematical analysis, we have left out the noise term. It will be helpful in the analysis that follows to produce a nondimensional version of this model. We first take u = F and rescale t → bt. We take the nondimensional forcing parameters,
and nondimensional constants (see Table 1 ),
We take as nondimensional functions
When putting everything together, the following dimensionless form of the PDE is obtained,
With rescaling x → √ δ F x we then obtain
When making the further substitutions,
we obtain
We will show that the forest-grassland interface as a function of the forcing variables can be found analytically. Also, as this model does not include savanna tree cover, we can compare the forestsavanna model with this one to see how the presence of savanna trees affects the results.
Parameters and simulation
All parameter values have roughly the same values as those in Wuyts et al. (2017) . Table A1 summarizes the parameters and functions used in the model. The forest growth rate can be easily inferred from the data (see Appendix B). All parameters are shown in Table A1 .
We ran the 1D model in MATLAB (MathWorks, 2012) with a vector Euler-Maruyama scheme. The model was forced by a linearly increasing rainfall gradient over the x axis from 0mm at x = 0 to 3000mm at x = 3000km. This agrees with a rainfall gradient of 1mm/km, which is roughly what can be expected in the tropics. To ensure accuracy, we took a sufficiently small time step of ∆t = 0.5 while a step size of ∆x = 0.67 was large enough to have numerically stable simulations. The model was initialized with random conditions S 0 , T 0 , F 0 , G 0 ∈ [0, 1] with S 0 + T 0 + F 0 , +G 0 = 1. To create the phase diagram as a function of rainfall and human impact (Figure 2) , we fitted the logistic function
and extracted P 0 , the rainfall value at which the front settles, for a range of z values (distance from human impact) between z = 0km and z = 10km. This was done for the forest-savanna model and the forest model. We also show the results from the theoretical analysis of the forest model in the same phase plot.
Results
Analysis: Maxwell point in the forest model
Without spatial interaction in the forest model, there is a wide range where forest is bistable with grassland (∼1200-3500mm, upper branch and lower zero branch indicated with solid lines in Figure  A1 ). However, we show here that including spatial interaction causes the bistability range to collapse into one point -the Maxwell point (MP). When there are N forcing variables, the MP is not a point but a N − 1 dimensional surface in phase space. Away from the MP, the only stable state is the one with lowest potential energy V . The alternative state with lower potential energy is now metastable. It can persist when: (1) the whole spatial domain is homogeneously in that state, and (2) that this homogeneous state is not sufficiently perturbed. Nonetheless, either of these conditions are not easily met in reality. When starting from (4), dropping the dependence on p and z for convenience and grouping common factors, we obtain
As the nonlinear term causes bistability, we expect traveling front solutions [see e.g. Murray (2001) ; Pismen (2006) ; Meron (2015) ] between the stable steady states of the form u(z) with z = x − ct and c the wave speed, with boundary conditions u(−∞) = u − and u(∞) = u + such that we can rewrite our equation in 1D space as
When multiplying by u , we obtain
Integrating this with respect to z over the real axis, we further obtain
As the solution is flat at the boundaries, we have [
As the integrand of the left hand side of this expression is always positive, we have
where we have defined,
Hence, we see that the dynamics can be derived from the potential by
At the MP, c = 0, such that according to (5),
This allows calculation of an expression for the MP as a function of the parameters α and β. These parameters, in turn, are a function of the external forcings of the model. If we choose f(u) as in (A2) with Y = u and n = 4,
then´f(u)du can be calculated analytically aŝ
such that
can be found analytically if u + and u − can be found analytically. However, u + , u − can only be found analytically when the (integer) exponent in (A2) is 1 ≤ n ≤ 3. As we chose n = 4, this step has to be done numerically. From here, the MP can be calculated by finding the root of ∆V as a function of its parameter(s). Also this is only possible numerically. The result of this calculation is shown as the solid blue line in Figure 2A . For the parameters shown in Table  1 , without human impact, and, at average rainfall seasonality and soils, the MP of the forest model lies at a mean annual rainfall of 1438mm. In Appendix C we show the corresponding analysis for the model in which diffusion of burnt area is the dominant spatial interaction in the forest equation. This analysis is somewhat less trivial but the results are qualitatively the same, with the MP occurring in this case at a mean annual rainfall of 1701mm.
Simulation with linear rainfall gradient
Here, we show the steady states of F as a function of rainfall by the forest model (4) and of of S, T and F by the forest-savanna model (1) in 1D space, with and without human impact. In the forest model, the MP obtained from the theory (Figure 1 , dashed lines without human impact and dashdotted line with human impact) predicts the location of the forest front very well ( Figure 1A ,B). The model with savanna trees (forest-savanna model) has its forest front at slightly lower rainfall values than the model without savanna trees ( Figure 1C -F vs Figure 1A ,B). Adding a homogeneous removal term due to human impact results in a shift of the front between forest and savanna to higher rainfall values (1A,B blue versus green; 1E vs 1C and 1F vs 1D). Apart from lowering the savanna tree state slightly (due to competition with a noisy forest state) ( Figure 1D ,F vs Figure  1C ,E), the noise does not affect the results much. Figure A2 shows the results similarly as shown in Figure 1B ,D,F for the model where forest diffusion is the dominant spatial interaction in the forest cover equation. As found by the analysis in Appendix C, the simulation results show qualitatively the same behavior as in case of forest cover diffusion, but here the front occurs at higher rainfall.
While for the continuous model, the analysis and simulation agree well, this is not always the case in the discretized forest model. Here, multistability can occur when diffusion is slow or the spatial step size ∆x large (see Appendix D and Figure A3 ). As this effect disappears when we decrease ∆x and as we consider the continuous model as more representative of reality, we see this as an artifact of the numerical method. Figure 2 shows the MP derived from the theory (solid blue line) and the fitted location of the forest front in parameter space at the end of the simulation as a function of rainfall and human impact for the different models and different types of spatial interaction (markers). For diffusion of forest, the theoretically predicted MP (solid blue line) agrees very well with the simulated one (+ markers) in the forest model. The forest front in the forest-savanna model (♦ markers) occurs slightly below the MP of the forest model but the difference is larger for the forest-savanna model with fire diffusion compared to that with diffusion of forest ( Figure 2B vs Figure 2A ). In all models and for both types of spatial interaction, the forest front is only considerably affected by human impact when it is less than z ≈ 2km away from agricultural areas.
When the savanna sapling growth rate and recruitment into adults is increased, the presence of savanna trees starts to affect the location of the front more (− markers in Figure 2A ), leading to a larger difference between the MP of the forest model and the location of the front in the forestsavanna model. In Figure 3 we tested via simulation how choosing alternative parameters affects the results. Figure 3A shows the cover types versus rainfall when we choose a higher savanna sapling growth and recruitment rate (r s = 0.13, Q 0 = 0.09). As previously, savanna tree cover increases with rainfall up to some point, after which it decreases again. However, this increase and decrease is much steeper in case of higher r s and Q 0 . Moreover, beyond the point where savanna cover decreases, there is a range of rainfall values below the forest front where forest and savanna tree cover show high variation. This is due to the existence of irregular oscillations of forest and savanna tree cover ( Figure 3D ). Figure 3B shows that when savanna tree recruitment is increased further (Q 0 = 0.2) and when also the fire return interval is decreased (τ = 1), savanna tree cover becomes bistable below a rainfall of about 1000mm, with the states of about 15% and about 60% savanna (adult) tree cover. Figure 3B further also shows that under decreased seasonality (M SI = 0.2), there is a wider range of rainfall with forest-savanna cycles (see also 3E). This leads to a larger overlap of low and high forest in the scatterplot and a larger difference between the MP of the forest model and the forest-savanna model. Note that the savanna tree cover bistability also occurs (for the same parameters) without forest trees ( Figure 3C,F) , but up to a rainfall of about 2500mm.
In Figure 4 , we show the forest-savanna cycles in more detail. During the cycles, forest tree cover lags behind savanna tree cover. The changes between states occur over decades, but the periods of stability between the transitions can persist for several centuries (or longer, depending on the parameters -see Figure 3E ). The nonspatial deterministic system only produces a regular cycle ( Figure 4A ) while both the nonspatial stochastic ( Figure 4C ) and the spatial deterministic system ( Figure 4B ) have irregular cycles. The irregularity of these cycles can hence be induced by noise or by spatial interaction. In the spatial deterministic model, one can also obtain regular cycles by increasing the value of the diffusion coefficients (not shown).
Discussion
In this work, we set up and analyzed a reaction-diffusion model of tropical tree cover. We showed with theory and simulation that bistability cannot occur in the spatially extended system with only forest cover. This is a general property of reaction-diffusion equations with bistable reaction term. Hence, if a real process shows bistability and when we choose to model it with a reaction-diffusion model, we need at least one extra equation that interacts with the first one, which evolves on a time scale of the same order of magnitude (Hagberg and Meron, 1994) . That previous studies could not reject the tree cover bistability hypothesis under all observed environmental conditions suggests therefore that we need a system of reaction-diffusion equations to model tropical tree cover. Once at least one extra equation is added, we also introduce the possibility of cycles (Strogatz, 2014) . Indeed, our simulation results show that both bistability and cycles are possible in our system of reactiondiffusion equations. These cycles have been found before in the equivalent non-spatial system (Staver and Levin, 2012) but we found that they can turn irregular by noise or spatial interaction. Below, we discuss our findings in more detail, explain how they can lead to tree cover bimodality, list some shortcomings and mention other possible causes of observed tree cover bimodality.
In the model without savanna trees (S = F = 0), the steady state spatial pattern of tree cover consists of two contiguous areas, forest (80% tree cover) and grassland (0% tree cover), separated by a front ( Figure 1A,B) . The location of the front, also the MP, occurs where the potential energy of the forest and grassland state is equal (Figure 2 ) and is a function of all forcing variables. This confirms previous theoretical results (e.g. Van De Leemput et al., 2015; Meron, 2015; Murray, 2002) . When we now add savanna trees (S and T ) to the system, they will only affect forest trees (F ) indirectly, by decreasing burnt area Φ [see (1)]. However, due to the strongly nonlinear dependence of fire occurrence on tree cover [see (2)], this effect will be negligible when total tree cover stays below the threshold where fire spread is inhibited, i.e. T + F < Y c . When the added savanna trees lead to exceedence of the threshold, the location of the forest front will shift away from the MP, towards drier areas. Hence, near the forest front, savanna trees facilitate establishment of an extra fringe of forest. This fringe is larger when savanna sapling growth rate and recruitment into adults are higher ( Figure 3A ,B versus Figure 1D ). While this is not bistability, it does imply that removal of savanna trees near the forest front could result in loss of forest trees.
At the dry side of the forest front, a cycle develops when savanna sapling growth and recruitment are sufficiently high. In the nonspatial deterministic model (D S = D F = 0), this cycle is regular. With noise or spatial interaction the cycle can turn irregular. The cycle can be understood intuitively when observing that near the dry side of the forest front, the system behaves like a predator-prey system with forest tree cover as predator and savanna tree cover as prey. Nonspatial predator-prey systems generate regular oscillatory dynamics (e.g. Murray, 2002) . Here, when savanna trees grow beyond a certain level, the resulting decrease of fire occurrence induces rapid growth of forest trees, which in turn will outcompete the savanna trees. The loss of savanna trees leads to an increase of fire such that forest tree cover decreases again, relieving savanna trees from competition, which closes the cycle. That these irregular cycles are produced endogenously suggests that close to the forest front, sudden and unpredictable loss of forest can occur without climatic or anthropogenic perturbations. Reaction-diffusion models of predator-prey dynamics are known to generate chaos in the wake of traveling fronts (e.g. Sherratt et al., 1995; Sherratt and Smith, 2008) . Hence, the irregular cycle resulting from the deterministic system is most likely a signature of spatiotemporal chaos. To prove this, it needs to be shown additionally that the cycles are truly aperiodic and that there is sensitivity to initial conditions (Strogatz, 2014) . This is subject of future research. Whereas this dynamic does generate overlapping low and high tree cover states in tree cover versus rainfall scatterplots ( Figure 3A,B) , neither this is bistability.
We further showed via simulation that savanna tree cover bistability can arise in the savanna model (i.e. the model without forest trees) under a regime of high sapling recruitment and high fire occurrence ( Figure 3C,F) . When including forest trees (under the same conditions), the bistability does not survive at higher rainfall, due to competition with forest trees ( Figure 3B) . Instead, the irregular cycle discussed above appears. Where it is too dry for forest, savanna tree cover bistability does survive. The resulting pattern shown in Figure 3B with high tree cover at low rainfall and at high rainfall with lower tree cover in between suggests that our spatial model may be able to explain the distribution of dry forests, when properly parametrized. This suggests that if dry forests are functionally sufficiently similar to savanna trees, they could in fact be considered as a high savanna tree cover state, bistable with a low savanna tree cover savanna state.
We found that multistability can occur in the discrete forest model and confirmed that this is an artifact of the discretization method. However, if there is reason to believe that the modeled processes are sufficiently discrete in nature, the continuum approximation is not valid. In that case, front pinning due to propagation failure (e.g. Keener, 1987; Erneux and Nicolis, 1993) can occur in reality and may be a valid explanation for existence of limited bistability (Appendix D). Sufficiently discrete means here that diffusion is slow compared to the characteristic scale of the discrete process. Ultimately all processes are discrete and stochastic. In differential equation models, discrete-time stochastic processes are typically modeled on sufficiently large temporal scales such that discrete events can be approximated by their average rates in time. If the considered discrete process has components in which the event size has a highly skewed distribution, such that there exist lowprobability high-impact extreme events, a simple additive noise term may not suffice. It is left to future individual-based or stochastic models to ascertain whether discreteness or stochasticity play an important role in tropical vegetation dynamics and what may be missed by continuum or deterministic models.
Together with results from previous research, we can now say that a bimodal tree cover distribution of tree cover in a rainfall range may result from: (i) savanna tree cover bistability, (ii) existence of forest-savanna cycles, (iii) discreteness and stochasticity, (iv) spatial heterogeneity of forcings other than rainfall. Fitting our model for separate regions to data in empirically justified parameter ranges might reveal differences between different regions or suggest which model components are not adequately captured. That much of the tree cover bimodality in the Amazon region can be attributed to spatial heterogeneity, leaving little remaining bimodality (Wuyts et al., 2017) , indicates on one hand that bistability and cyclic behavior play at most a small role in Amazonia. On the other hand, Wuyts et al. (2017) were not able to reproduce the limited observed Amazonian tree cover bimodality using the same spatial model as used in this study (apart from some small differences). This suggests that there exist more optimal parameter combinations for Amazonia than the ones tried by Wuyts et al. (2017) . Moreover, they could have underestimated bistability by excluding dry forests from their analysis. We further expect that cyclic behavior and bistability may play a larger role in Africa, where there exist large areas of high tree cover savannas (also called 'woodlands'; see e.g. Grainger, 1999) and where fire occurrence is higher (e.g. Van Nes et al., 2018) .
Tree cover bistability may also be the result of processes that induce stationary patterns, such as diffusion-driven instability (Turing patterns) or scale-dependent spatial interactions. The former might occur in our model when the proportion of the diffusion coefficients of savanna saplings and forest trees exceeds a certain threshold (e.g. Murray, 2001 ). For the latter we need terms or factors that have integrals over spatial neighborhoods or at least one higher even-order spatial derivative (Murray, 2002 (Murray, , 2001 ). In such dynamic, bistability occurs because the underlying biophysical processes lead to spatial self-organization of vegetation into stationary patchy structures. These processes have been studied extensively in context of semi-arid vegetation patterns (e.g. Meron, 2015) . The type of vegetation pattern produced depends on the underlying mechanism (Manor and Shnerb, 2008; von Hardenberg et al., 2010) . When self-competition occurs on a slightly larger scale than self-facilitation, regular vegetation patches are produced. When there is scale-dependent spatial interaction in which self-competition occurs on a much larger scale than self-facilitation, patches with a scale-free size distribution are produced. Such a connection between patterns and generating processes makes it possible to test which underlying mechanism is most likely given spatial data (Kéfi et al., 2014) . Hence, if evidence of regular or scale-free spatial forest patterns at undisturbed sections of the forest transition can be found, models will need to take account of the appropriate scale-dependent spatial interactions. A possibility other than the ones hitherto mentioned is that the observed bimodality is an artifact, resulting from data algorithms (Hanan et al., 2014) or preprocessing methods (Gerard et al., 2017) . Therefore, the multistability hypothesis should be tested on tree cover data produced with methods that are less likely to generate such artifacts.
There also exist other types of feedbacks that may induce multistability. These include feedbacks between soil fertility and vegetation (e.g. Paiva et al., 2015) , rainfall and vegetation (e.g. Eltahir and Bras, 1994; Pielke, 2001; Pöschl et al., 2010; Zemp et al., 2017) , and, herbivore presence and vegetation. As all existing feedbacks may interact on various scales (e.g. Scheffer et al., 2005) , there is no doubt that tropical vegetation is not just complex but also complicated. Nevertheless, the insight from complexity science that complicated dynamics can emerge from simple rules suggests that they might be less complicated than we currently think. In the search for such simple rules, spatiotemporal conceptual models like the one developed here will be indispensable. Table 1 : Model parameters and functional forms of the forest-savanna model when fixing rainfall seasonality and soils at their average (1). These were obtained by filling in the average for rainfall seasonality and soils in the equations of Table A1 . 
Online Appendix
A Model construction
General overview
The model in space and time can be written as a system of stochastic partial differential equations of the reaction-diffusion type. In ecological context, one describes the dynamics of a species density as the sum of a reaction term, representing local demography, and a diffusion term, representing migration of the species through space from areas with high to areas with low density. Most generally, our model can be expressed as
s).
Here, Y is a the vector of all land cover types. A is a vector of exogenous variables or parameters that force the system, such as climate, soils and human impact. These forcing variables are in general heterogeneous in space. Most generally, A contains a stochastic component for each of the exogenous variables, with a given spatiotemporal autocorrelation function ρ A (x, y; t, s). The constraint that all cover types sum to one is a consequence of the exclusiveness in their use of space. J is a vector of reaction terms representing local population dynamics involving both gains and losses. Typically, J will contain nonlinear terms in both Y and A. D is a vector of diffusion constants. ξ is multivariate standard normal noise with mean the zero vector and each of its components having a spatiotemporal correlation function ρ ξ (x, y; t, s). In our simulations, we take the assumption that the noise term is spatially and temporally uncorrelated, that is ρ ξ (x, y; t, s) = δ(x − y; t − s), where δ = 1 only when x = y and t = s. A further simplification we make here is that we take the forcing variables as constant in time. This is done by replacing A(x, t) by its long-term mean, which is only a function of space. We denote it further as A(x) = A. Moreover, we only consider 1D space here. Hence, ∇ 2 = ∂ 2 x , x = x and y = y. Adult savanna trees are fire adapted by having a thick bark, whereas savanna saplings have not had time to develop this protection. Nonetheless, after savanna tree saplings burn, they resprout successfully. In dense forests, fire is rare, and therefore forest trees are not fire adapted. Staver and Levin (2012) have made a nonspatial life stage model that is congruent with these findings, with fire affecting savanna sapling recruitment into savanna adult trees and forest tree mortality increasing with fire occurrence. Their model also reproduces bistability of tree cover due to an assumed nonlinear relation between fire occurrence and herbaceous cover. We have adapted this model to include spatial interaction through cover types diffusion or fire spread, noise and dependence of the parameters on environmental conditions
Let us first consider a deterministic spatially homogeneous system
More specifically, the system we consider has Y = (S, T, F, G) with S representing savanna sapling cover density, T savanna tree cover density, F forest tree cover density, and G grass cover density. There is a differential equation for each internal variable expressing the dynamics of the abovementioned components and their interdependencies,
where Y = (S, T, F, G) such that the constraint becomes S + T + F + G = 1. As grasses grow back more quickly than any of the relevant time scales we are interested in, we assume (as in Staver and Levin, 2012) that grass cover G is the default cover type; when other cover types decrease by processes other than interspecific competition, they are immediately replaced by grass. Through this we also make sure that the total cover S + T + F + G remains constant. Hence, by further having expressions where all of the cover types remain in [0, 1] and having S 0 + T 0 + F 0 + G 0 = 1, we have a system that obeys the constraint of availability of space.
Local rates of change
Here, we show how the local rates of change J Y for Y any of the cover types (S, T, F, G) are chosen.
As in any population model, we have
Below, the set of gain processes P G contains recruitment and growth, while that of the loss processes P L contains mortality from competition for resources, drought, fire and human impact. Each of those processes can be captured with a different term, such that the equations of the cover types S, T, F and G take the forṁ
with inputs A and Y = (S, T, F, G). A is a variable that represents the external climatic/edaphic forcing, which we choose
where M AR stands for the observed multi-annual mean of rainfall, M SI Markham's seasonality index and EF S the edaphic suitability for forest [this lets our model agree with that of Wuyts et al. (2017) but using a more compact notation]. Y refers to any of the cover types. Functions G Y,i and L Y,i are respectively, total gains and total losses per time of species Y by process i. The functional forms will be chosen inspired by an understanding of the effect of all relevant processes. Gain functions consist of
expansion, recruitment, mortality other types Gains can occur due to local (subgrid) expansion of vegetation (i = e), or, in case of an agestructured species, due to recruitment from a younger stage (i = r), or due to increased availability of space after mortality of other cover types (i = m). Loss functions consist of
recruitment, competition, drought, fire, humans, other They can occur due to: recruitment to an older stage (i = r), interspecific competition (i = c),
. Below, each of the gain/loss terms are discussed.
• Cover gains and losses due to expansion. Gains due to expansion involve increase of cover area of a more competitive cover type at cost of the cover area of a less competitive type. Hence,
with Y the species that expands its cover, Y the vector (S, T, F, G) and v c,Y the competitiveness vector for cover type Y , which has ones at its elements where the corresponding cover type is less competitive than, and can be colonized by, Y . The rationale is that colonization by a species occurs due to an interaction of the space that is occupied by that species with the space that can be colonized by it. Having chosen the competitive hierarchy F > T > S > G (Staver and Levin, 2012), we have
These are removed from the areas of the less competitive types. Hence, losses due to expansion of competing types are
The only age-structured part of our model is that of savanna saplings S and savanna (adult) trees T. Note therefore that G S,e has T G instead of SG because expansion only comes from interaction of adult species T with places that saplings S can colonize (G). The dependence of R Y on A captures the effect of water availability on growth, which we choose as
with r Y the maximal growth rate, k R Y as growth rate increase for every component of A and a Y fixing the rate for A = 0. This function captures saturation of growth rate where water limitation is less severe.
• Gains and losses due to recruitment. Saplings will recruit into adults, such that,
where recruitment rate Q is a function of burnt area fraction Φ,
Q 0 is the recruitment rate in absence of fire and Q 0 (1 − h) the recruitment rate in presence of fire for a particular year, with 0 ≤ h ≤ 1. Hence, in agreement with previous empirical work, fire affects the establishment rather than the mortality of savanna trees.
• Base mortality. This is the base mortality in absence of fire, drought, competition or human impact. As is common in ecology, we choose this mortality linear in Y ,
with m Y,o the base mortality rate of Y .
• Losses due to drought. Drought-related mortality rate M Y (A) will be chosen such that drought effects cause increased mortality below a certain threshold of A. We choose
or when absorbing the base mortality rate into this term,
Such nonlinear increase of mortality with dryness is assumed to be a consequence of exceedance of thresholds related to tree water availability.
• Losses due to fire. Φ is burnt area fraction per year. Grasses and savanna tree saplings resprout very rapidly so they are not affected by fire on the considered time scale. Savanna trees are fire adapted so also they are assumed to be unaffected by fire. Hence, in this model, only forest trees experience direct mortality due to fire. This mortality is assumed to be proportional to burnt area and burning is assumed to occur in a homogeneously distributed fashion over the pixel. Thus
where b is the fraction of fire affected forest that dies, also the fire sensitivity of forest cover.
• Losses due to human impact. Deforestation of forest trees is chosen as
where C(z) is the deforestation rate and z distance from anthropogenically impacted areas. We choose
such that the deforestation rate decays with distance from impacted areas. c is the the maximum deforestation rate, which occurs in agricultural areas (z = 0).
• Gains due to mortality of other cover types. When any cover type loses space, it makes place for other cover types. When this does not occur due to competition or recruitment, grass is the default cover type that gains ground. Therefore,
of which the terms are defined above.
The system of equations locally obeys the aforementioned mathematical constraint for every point in time
Differentiation of the above equation with respect to time yields
The conservation equation A1 implies that the sum of all loss and gain terms should be zero. We can see that this is the case because: (i) total expansion due to successful competition is at the cost of total loss due to unsuccessful competition, (ii) recruitment lost by S is gained by T , (iii) tree cover losses due to fire, drought and human impact are gained by grass cover.
Burnt area fraction
Previous research shows that fire in the tropics is determined by climate on large scales and by tree cover on small scales (Pausas and Dantas, 2017 , and the references therein). On the other hand, local-scale forest distribution affects fire occurrence. This means that forest and fire interact on local scales. Hence, a positive feedback can arise if this interaction occurs in a nonlinear fashion and if it reinforces changes. There exists evidence from independent lines of research for such positive feedbacks (Pausas and Dantas, 2017) . A fire feedback operating on small spatial scales is crucial for producing the two stable states, savanna and forest (Staver and Levin, 2012; van Nes et al., 2014; Schertzer et al., 2015) . We parametrized the fire feedback by choosing burnt area fraction F as a sigmoid-shaped function of fire-prone cover, consistent with fire percolation models. We let this function further also depend on climate. The double-striked notation is used to distinguish it from the functions and variables related to the cover types. The fundamental process responsible for the fire feedback is small-scale spatial fire percolation over a fire prone layer. Simulations have shown (Schertzer et al., 2015) that this process induces a sharp increase of fire-related mortality around the percolation threshold, which occurs when about 60% of the landscape is fire-prone. We do not intend to model this percolation process but take a mesoscale approach, where we choose F(Y ; A) to have a sharp increase around a total nonherbaceous cover 1−G−S = T +F = Y c . Instead of modeling a positive threshold response of fire on fire-conductive cover (S + G), we choose to formulate the functional form as a negative threshold response of fire on non-fire-conductive cover (T + F ). This makes the analysis easier while keeping the model qualitatively the same. We hence choose
The exponent n is a positive integer that controls the steepness of increase of burnt area fraction at Y ≈ Y c . Y c (A) captures the varying percolation threshold with hydrological conditions -in dryer environments, the effective connectivity between pixels is assumed to be higher, leading to a lower value of herbaceous cover (or higher value of tree cover) where fire becomes important. This dependence is chosen to be piecewise linear,
Here, k c is a constant vector and Y c,0 a constant scalar. The elements of k c represent the sensitivity of Y c (A) to the different components of A. Y c has a value of about 40% for common conditions, which is the tree cover value at which fire has been observed to increase (Archibald et al., 2009; Staver et al., 2011a; Wuyts et al., 2017) .
Spatial dependence
Thus far, we have only treated the dynamics as spatially independent [Y = Y(t)], for particular parameter values of hydrology A and distance to human impacted areas z. To run this model for a whole region [Y = Y(x, t)], we need to take into account not only the spatial heterogeneity of these variables but also the relevant spatial interactions.
1. Spatial heterogeneity. Climatic, edaphic and anthropogenic spatial heterogeneity can be included by taking A and z as functions of space A(x) and z(x).
2. Spatial interaction. There are two types of spatial interaction we consider: diffusion of burnt area and diffusion of cover types.
• In the main article, we assume that diffusion of cover types only occurs due to spread of seeds. We do not model seed dispersion but approximate it by dispersion of saplings. Hence the diffusion coefficient of savanna adult tree cover is zero. That of forest cover is not zero because part of its population is in the sapling stage. Hence,
The cover types that diffuse from neighboring areas settle in the areas that are taken by grasses. Therefore, in the spatial model, the diffusion terms are also grass cover loss terms due to unsuccessful competition, or
• In Appendix C, we capture spatial interaction due to burnt area by letting the burnt area fraction function (A2) diffuse over space, such that
This burnt area fraction function is obtained by considering the dynamic of burnt area fraction in Wuyts et al. (2017) as much faster than that of the cover variables, such that it can be seen as being permanently in its steady state. When considering this type of spatial interaction, we neglect D F ∇ 2 F because we assume that the diffusion of forest is much smaller than the diffusion of the effects of fire and because it simplifies the mathematical analysis.
Derivation of the forest-savanna model
Here, we develop the forest-savanna model with all previously mentioned cover types. Note that we do not write the explicit dependence on space and time. Hence, this means that all cover types are a function of space x and time t. The forcings are only a function of space, i.e. A = A(x) and z = z(x). Based on the previous sections, we have
Filling in the gains and losses, we obtain
Now, if we make use of G = 1 − S − T − F ,
We briefly remind the reader of some of the model parameters shown here. This model is forced by the spatial distribution of A and the distance to human impact z. b is the (constant) sensitivity of forest cover to fire. Q represents sapling recruitment into adults and is a linearly decreasing function of burnt area fraction. C(z) is the deforestation rate which decays with z. Note that the simulation model used to produce Figure 2A has no deforestation term in the equation of ∂ t T . When we add the noise terms and drop the dependence on A, we have
B Forest growth rate r F Here, we will show how we derived the maximum forest growth rate. In this analysis, we neglect noise. The steady state forest cover value under sufficiently moist conditions is about 80%. Therefore, we made sure that this also occurs in the model by first seeing that in moist conditions far from human-impacted areas, C F = 0 and Φ = 0, such that
That fire occurrence is zero results in the equation becoming an ODE. Filling in the functional forms, we have then
Under moist conditions, all of the climatic forcing variables will be in their saturation range such that the varying part of R F and M F is zero, or
We will further set m F,o ≡ m and r F ≡ r. The ODE can be solved by separation of variables using partial fractions such that the time that forest needs to grow from F 0 to F 1 > F 0 is
If we want to calculate the time it takes forest to grow from F 0 to carrying capacity, we need an expression for the carrying capacity first. The carrying capacity is the stable steady state, which can be obtained by solving
of which only the first is stable. Substituting F 1 = F * in (A4), we have
As 0 < r < 1 and 0 < F 0 < F 1 = 1 − m r < 1 − m, we can rewrite this as
As the data shows that F * has to be equal to 0.8, we have, based on (A5),
If we now assume F 0 starts from about the noise level F 0 = 0.01 ≈ σ, we have
This function is plotted in Figure A4 . In a recent study on recovery of secondary forests (Poorter et al., 2016) , it was found that moist forests regain the median value of old-growth forests after about at least 30 years. Therefore, we chose the r value consistent with this time, which is r ≈ 0.2.
C Fire diffusion as spatial interaction
As said in Appendix A (Section 'Spatial dependence'), we show in the main article the results when spatial interaction results from diffusion of trees. Here, we show the results when the dominant spatial interaction is due to fire spread. While the analysis is somewhat less trivial in the case of spatial interaction by fire spread, the results are qualitatively the same as those of the model treated in the main article. We nevertheless show the results, providing a more rigorous treatment of the model presented by Wuyts et al. (2017) .
The forest-savanna model we have here is (1) with D F = 0 and
The forest model is now
leading to the nondimensionalized form
where we have rescaled x → √ δx, t → bt and made the same substitutions as in Section 'Methods -forest model'. Rewriting everything in terms of f and dropping the dependence on p and z for convenience,
Similarly to the case with diffusion of forest trees, we expect traveling front solutions between the stable steady states of the form f(z) with z = x − ct and c the wave speed, with f(−∞) = f − and f(∞) = f + such that we can rewrite our equation in 1D space as
As in the main article, ∆V and the MP can only be found numerically. The result of this calculation is shown as the solid blue line in Figure 2B . For the parameters given in Table 1 , without human impact, and, at average rainfall seasonality and soils, the MP for the model of this section lies at a mean annual rainfall of 1701mm.
D Propagation failure in the discrete model
Here we discuss the effect of discreteness of the equations and only focus on the forest model with fire spread [(3) with δ = 0, D F = 0]. This is however a common phenomenon of reaction-diffusion equations and does hence also occur in the model with δ = 0 and D F = 0. The simulation and analysis only agree when δ/∆x 2 is sufficiently large. For a high enough diffusion coefficient δ, or, equivalently, for a low enough resolution of the discretization ∆x. When δ is large enough or ∆x small enough, we have a final steady state with a front at a specific rainfall value -the MP -below which forest cover is zero and above which it is about 80%, as predicted by the theory ( Figure  A3A ). However, for small δ or large ∆x, we see a multistable solution with many intermediate states between the minimal and maximal vegetation states and the MP in the center of the multistability interval ( Figure A3B,C) . This pattern has striking similarities with the phenomenon called 'homoclinic snaking' [see e.g. Woods and Champneys (1999) ; Meron (2015) ]. However, in reactiondiffusion systems with only one diffusing variable, we cannot have stationary periodic patterns in the continuum model as their linear stability analysis shows that the uniform mode is always the first to grow (e.g. Meron, 2015) . Therefore, we have to conclude that this is not more than an artifact of the discretization method. Hence, with large ∆x or a smaller diffusion coefficient, the discretized model is not a good approximation to the continuous model any more. This is due to a phenomenon that is called 'propagation failure', which has been studied in Hodgkin-Huxley or FitzHugh-Nagumo-type models (Keener, 1987) , and in the Nagumo equation (Erneux and Nicolis, 1993) . For small values of the diffusion coefficient δ, the discreteness introduces a pinning region around the MP, where multiple steady states coexist, hence resulting in the snaking pattern. This behavior can be reproduced by a continuous model that accounts for the effects of the discrete nature by introducing a spatially periodic term to the reaction-diffusion equation, with period ∆x (Clerc et al., 2011) . Nonetheless, if the noise level is large enough, the intermediate stable solutions destabilize and the behavior of the discretized model becomes qualitatively the same as the continuous model ( Figure A3D -F versus Figure A3C ), albeit with a slightly lower MP. This removal of the propagation failure by noise has been found before (Morfu, 2003) . Note with Table A1 : A = A(x). The components of are: A 1 = P (mean annual rainfall), A 2 = M (Markham's seasonality index), A 3 = π −π (edaphic forest suitability). π captures the effect of soils on forest occurrence and is taken from Wuyts et al. (2017) , i.e. A 3 = 0.00238ϕ s − 0.188ϕ c − 5.99ρ − 0.183ϕ c ρ + 6.39, where ρ is topsoil bulk density, ϕ s topsoil sand fraction, and ϕ c topsoil clay fraction. The components of the vectors k i multiply the components of A. If a component is indicated as '-', the considered equation is not a function of the corresponding component of A. (1km from cultivated areas) . The red dashed line shows the derived value of the MP in the natural forest model. The red dash-dotted line shows the derived value of the MP in the forest model with human impact. Rainfall can also be seen as a spatial coordinate because we assumed a linearly increasing rainfall gradient from 0mm on the left to 3000mm on the right over a distance of 3000km. Figure A1 : Homogeneous steady states (HSS) of forest cover (F ) in the forest model without human impact [C(z) = 0 in (3)] as a function of mean annual rainfall (P ) for average soils and with rainfall seasonality (M SI) as indicated in the legend. Stable states are indicated with solid lines and unstable steady states with dashed lines. HSS are steady states of the nonspatial model (δ = D F = 0). These plots were obtained by finding the roots of the reaction term in (3). The stable branches (solid) are metastable states in the spatial model -they can persist if the whole domain is in the same state and if they are not exposed to perturbations larger than a small threshold. 
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